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' This paper concerns optical properties of the isotropic phase above the isotropic-cholesteric 

transition and of the blue phase BP III. We introduce an effective index, which describes spatial 
dispersion effects such as optical rotation, circular dichroism, and the modification of the average 
index due to the fluctuations. We derive the wavelength dependance of these spatial dispersion effects 
quite generally without relying on an expansion in powers of the chirality and without assuming that 
cjlj ' the pitch of the cholesteric P is much shorter than the wavelength of the light A, an approximation 

O ' which has been made in previous studies of this problem. The theoretical predictions are supported 

^ . by comparing them with experimental spectra of the optical activity in the BP III phase. 
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I. INTRODUCTION 



o 

Chirality in liquid crystals produces a fascinating variety of phases, such as the blue phases. Three blue phases 
■ (BPs) designated BP I, BP II, and BP III have been identified, and their structures are now well understood. BP I 
J> and BP II exhibit long-range periodic order at the half micron scale and Bragg scatter visible light. For these reasons, 
the optical study of blue phases is an active field of research, with a particular emphasis on spatial dispersion effects 
such as the optical activity. 

The first experiments on the optical activity in the pretransitional region of the isotropic phase above the isotropic- 
cholesteric transition were carried out by Cheng and Meyer |jl|. Using a general formulation due to de Gennes, 
they calculated and confirmed experimentally that the pretransitional optical activity depends on the temperature 
' as (T — y*)-0-5^ where T* is the metastability temperature of the isotropic phase. Two years later, Brazovskii and 
"Y**; ■ Dmitriev developed the first complete theory of phase transitions in cholesteric liquid crystals, and they predicted the 
d existence of the blue phases . The optical activity in the pretransitional region was derived using this approach by 
^ , Dolganov et al. |3| . At this time, a detailed Landau theory of the cholesteric blue phases was obtained by Hornreich and 
1 ' Shtrikman, who also provided an outstanding study of the light scattering in the blue phases including a treatment of 
■ O \ the polarization of the light, based on the formalism of the Miiller matrices Bensimon, Domany, and Shtrikman 

^ ■ studied the optical activity in the pretransitional regime and in the blue phases [g| , confirming and extending the work 
of Dolganov. In their paper, the blue phase BP III was considered as an amorphous polycrystalline structure distinct 
from the isotropic phase, and their treatment of the optical activity relied on the long wavelength approximation. On 
_ ' the experimental side, the wavelength dependence of the optical activity in the blue phases was measured by CoUings 
The structure of BP III still remained mysterious until experiments clearly showed a continuous transition 
between BP III and the isotropic phase [9|pO|] and the existence of a critical point terminating a line of coexistence 
\ of the two phases [0. The same year, Lubensky and Stark developed a theory for the isotropic to BP III transition 
with a chiral liquid-gas like critical point |jl^ , which was extended to include scaling theory in Ref . . Very recently, 
there has been a renewal of interest in the study of the blue phases with the discovery of the smectic blue phases , 
exhibiting isotropic-BP III coexistence terminating at a critical point p^ . 

In section ^ of this paper, we introduce an effective index for the propagation of light in the isotropic phase and in 



BP III, which contains pretransitional effects such as the optical activity and the circular dichroism. In section III 



we present a standard derivation which is based on the long wavelength approximation g . In section IV , we make a 
digression on the optical properties of periodic chiral media for comparison with the case of non-periodic chiral media. 
By evaluating our weak-scattering expression for the optical dielectric constant tensor in a cholesteric phase, we find the 
well-known de Vries formula, which describes the optical activity of light propagating in this medium along the pitch 
axis. In section ^ we come back to isotropic chiral media and obtain the optical activity for arbitrary wavelength and 
chirality. This approach is new in that it is general, not limited to the long wavelength approximation, and applicable 
in particular to the resonant region where the wavelength of the light is of the order of the pitch of the cholesteric, a 
regime which has not been considered in detail in previous studies. In the long wavelength approximation, we collect 
contributions to the optical activity up to order (P/A)"*. Though various contributions up to this order have appeared 



separately in the literature j^,^,^,^ and very recently in these references are not fully consistent with each other. 
We therefore think that it is important to collect and discuss all these contributions in one place. We then generalize 
our method and obtain the wavelength dependancc of the circular dichroism and of the symmetric part of the index, 



which to our knowledge have not appeared in the literature and have never been measured. Finally in section Vl 



our theoretical predictions are supported by experimental spectra of the optical activity for different values of the 
chirality in the BP III phase [ p^ . The agreement between theory and experiments is very good. Experiments confirm 
the presence of a broad maximum in the magnitude of the optical activity when the wavelength is of the order of the 
pitch and for positive (respectively negative) pitch. This feature is the pretransitional signature in isotropic chiral 
media of the divergence arising from the long-range periodicity of the cholesteric phase, BP I and BP II. 



II. THEORY 



Let e be the relative complex- valued dielectric constant of the cholesteric liquid crystal in the isotropic phase or in 
the blue phase BP III with respect to the average dielectric constant: 

e,j{r) ^S,j +Se,j{r), (1) 

where 6eij{r) is a relative anisotropic small local fluctuation of the dielectric constant: {6eij{r)) — 0, |(5eij(r)| ^ 1, 
and (..) denotes a thermal average. To simplify the notations, we take the velocity of light in the medium to be 1, 
and we do not indicate explicitly the dependence of the dielectric constant on the frequency of light in the medium 
denoted cu. Maxwell equations in the absence of sources lead to the following Helmholtz equation for the electric field 
E(r,w): 

V X (V X E(r,cj)) =w2g-E(r,t^). (2) 

From Eq. (|), we deduce that the propagation of light in a homogeneous medium in the absence of fluctuations is 
characterized by the following Green's function 

A kk- 

Glik,u;)= (3) 

where = 5ij ~ kikj/k'^ is a projector on the space transverse to the wave vector k. The first term of Eq. (||) is the 
transverse part describing travelling wave solutions of Maxwell equations and the second term is the longitudinal part 
which describes non-propagating modes. The scattering by the randomly fluctuating part of the dielectric function 
i5eij(r) is described by the following 4-rank tensor ||l9| 

B,jki{v) ^ u\5e,k{v)5eji{Q)). (4) 

Unless specified otherwise, we consider in this paper only non-absorbing media in which the tensor Bijki (r) is real. 
The averaged Green's function G(k, uj) follows from Dyson's equation, 

= (G°)-i -E. (5) 

In the weak scattering approximation, the tensor E can be calculated using the following equation |^ : 

S.,(k,c.) = j ^i3,^.fc;(q)G0;(k-q,..), (6) 

in terms of the Fourier transform Bijki{c\) of the tensor defined in Eq. (^). Note that Eq. (|^) is general and applies 
also to periodic media for which Bij^i (q) has delta-function peaks in which case this equation takes the form of a 
discrete sum over Bloch waves pl[ |. 

The general form of S](k, lj) in an isotropic chiral medium is: 

E.,(k,..) = Eo(fc,c.)5,, + !!Mi^Ei(fc,c.) -I- ^,{k,u)^^*^±^. (7) 



If K denotes a chiral parameter of the medium, Sy(k, k) satisfy the general symmetry relation (valid in any medium 
in the absence of a magnetic field p^ ) 



Ey(k,w, k) = Sjj(-k,w,K), (8) 

and the chiral symmetry relation 

T.ij{'k,Lu,K) = 'Eij{-'k,uj,-K.). (9) 

The chiral symmetry relation implies that Eg and E2 are odd functions of k and that Ei is an even function of k. The 
dispersion relation for hght propagation modified by fluctuations is obtained from det [Gq ^(k, lj) — E(k, lj)] = 0. In 
a basis composed of two vectors perpendicular to k, the diagonal elements of E are equal to Sq, and the off-diagonal 
elements are ztifcEi/w. In such a basis, longitudinal terms such as the last term in Eq. (0) vanish, and the following 
relation is obtained 

k 

- fc2 - Eo(fc,w) = ±-Ei(fc,w). (10) 

This relation determines and k~{uj) as a function of the frequency lo. Writing k = lo -\- 5k and expanding 

Eq. ( p^ ) to first order in 5k, one finds 

± ^ Eo(cu,cj)±Ei(u;,a;) 

-2tJTEi(w,w)/wT9Ei/aA:-aSo/9fc" ' 

To first order in E, this gives k^{uj) — lo ~ [Eo(w,ijj) ± Yii{lo,lo)] /2uj. The optical activity $ is defined as the angle 
through which the polarization vector of linearly polarized light has turned when traversing a medium of length L. 
It is given by <i> = Re(fc"'"(a;) — k~ (uj))L/2. Similarly the circular dichroism, measuring the difference in transmission 
from left and right circularly polarized waves, is 4" = Im(fc+((jj) — k~{uj))L/2. To first order in E, we have therefore 

'i> = Re^i^, (12) 

and 

^^Im ^ ' ' . 13) 
2uj 

Note that these relations are valid at arbitrary frequency uj when Eq. ^ is valid. The fluctuations also modify the 
symmetric part of S, i.e., the average dielectric constant. The relative change of the average dielectric constant within 
the same approximation is Aeo = — Eo(w, w)/a;^. 

We use in this paper the form of the Landau-de Gennes free energy of Ref . fl , 



F 



where e^.j = dtijjdxi and e^fe is the Levi-Civita fully antisymmetric tensor. The coefficient a is proportional to the 
reduced temperature t, whereas all other coefficients are assumed to be temperature independent. As explained in 
Refs. H] and ||l^, it is convenient to write this free energy in dimensionless form, by expressing all lengths in units of 
the order parameter correlation length = (127Ci//3^)^''^. The chirality is then = qc(,R where qc — d/ci is the 
wave number of the cholesteric phase which determines the pitch P = Att/qc. The reduced temperature is defined by 
t = (T — T^) I (Tn — T^) where is the temperature corresponding to the limit of metastability of the isotropic phase 
p3[ , and p = C2/ ci is the ratio of the two Landau coefficients, which is of order 1. Using the Gaussian approximation 
for the fluctuations [D , the dielectric anisotropy correlation tensor deflned in Eq. (||) takes the following form 

B,,u{ci)=u^ T^{q)T^{ci)T-r{(i), (15) 

where Tra{q) is evaluated from the equipartition theorem 

= 7 ^ 2h^_^ p(A ivT- 

t — mnq + [1 + g(4 — m^)J 



Note that q denotes the dimensionless wavevector measured in units of 1/£,r, and that Eq. (16) has been corrected 
from the expression given in Ref. (the factor p/4 has been replaced by p/6 in agreement with Ref. Q). In Eq. (p^). 



the parameter k represents an effective chirality at the temperature t. Except at the critical point, k is different from 
kq, and the difference k — kq is proportional to the order parameter of the BP III- isotropic phase transition The 
index m in Eq. (|l^) denotes the five independent modes of the symmetric and traceless part of the dielectric tensor 
(5e,y(r). Note that Eq. ( [T^ ) is equivalent to 

— -— = t - mnq + A„ig^ A„(g - q^)'^ + r„, (17) 

with Am = 1 + ^(4 — m^), qm — mK/2Am, tm = Amqm ^-^^ Tm — t ~ t„i- Wc have introduced tm, the transition 
temperature of the mode m, and qm, the wavevector which minimizes the energy of the mode to. Denoting r — l + p/2, 
we have explicitly = <_i — K^/4r and qi = —q-i — K/2r for the modes ±1, ^2 = ^-2 = and 92 = "9-2 = 1^ for 
the modes ±2, to = and go = for the mode 0. A plot of Tm{q) as a function of q is shown in Fig. |l| for the modes 
TO = 0, 1 and 2, a chirality k — 0.2 and a temperature t = 0.05. This particular plot shows the dominance of the mode 
TO = 2, because of the choice of the temperature t > t2 > ti and t close to t2- More generally it can be shown that as 
t tm, Tm{q) becomes a Dirac function localized at q ~ qm- 

The tensor T/" introduced in Eq. (Q) are eigenvectors of the tensor Bijki{q), with eigenvalues uj^Tmiq) These 
tensors are 

r"(q) = i=(3qq-l), (18) 

ri(q) = -L [qm(q) + m(q)q] = T-i(q)*, (19) 

T2(q) = m(q)m(q)=T-2(q)*, (20) 

with m = (1/a/2)(^ + ifj) and (^, 77, q) forming a right-handed system of orthonormal vectors. We choose the vectors 
^ and fj such that ^(— q) — ^(q) and fji—q) = — ??(q), so that 

m(-q) = m(q)*. (21) 



III. DISPERSION EFFECTS IN THE LONG WAVELENGTH APPROXIMATION 

In this section the optical activity and the circular dichroism of isotropic chiral media is derived using the method 
of Rcf . Q|, which is valid in the long wavelength approximation and to linear order in k. In section^, we will present 
another derivation of these results, which does not rely on an expansion in 1/A or in k. We present here the method 
of Ref. 1^ because it has been widely used in the literature. Following Ref. Q|, we use an expansion to first order in 
k of the Green's function 

Gl{k-<i,u;)^Gl{<i,u;)-ki^^^, (22) 

with 

gg°3(q) ^ qjAjl+qjAg 2qiA,j 

dqi UJ^{uj^-q^+iQ+) {iO^-q^ + iQ+y ^ ^ 

Using this expression in Eq. (^), we obtain Si(fc 0,Li;) which was defined in Eq. (0). After integration over q, we 
obtain 

E,(fe -> 0,.) ^ hqq^-'' ^-""^^'^-^ + ""^^'^'^ - , (24) 

'J Utt^lo^ - q^ + iO+f 

where flmiq) = r„i(g) — r_,„((7). In the integration of Eq. (p^), we take the upper limit of integration over q to 
be infinity. The continuous model used in this paper is valid only up to wave vectors qmax = 27r/a, where a is an 



intermolecular distance, but in the case of Eq. (|2^), the integral is not sensitive to the value of Qmax as discussed in 
Refs. [| and 

Expanding Eq. (|24|) in powers of uj and integrating over q, we obtain the complex- valued Si (w) in the long wavelength 
limit. Using Eqs. (O) and (|l3|), we deduce the optical activity 



L 



KU! Kb 



1 



1 \ lj^/cbTk 



48r3/2 



4Vf 



3/2 



3/2 



127r 



and the circular dicroism 



1 

6^ 



uj^kBTn 



4tt 



(25) 



(26) 



Deriving Eqs. (^) and (|2^), we have assumed that k <C and k <C V4rri, and the equations are valid for 
temperatures such that ti < t2 < t. Within these approximations, the optical rotation and circular dichroism are 
proportional to the chirality k. The next order will be of order as imposed by the symmetry relation of Eq. (|^). 
The first term in Eq. (^5|) is identical to the expression of Refs. and |^ for the optical activity in the pretransitional 
region. This term is associated with the modes m = ±1 and gives the {T — r*)-0-5 dependence observed in many 
experiments. As first noted by Filev, the modes m — ±2 need to be considered in addition to the contribution from 
the modes m = ±1, in a region very close to the transition in highly chiral liquid crystals |24| . This is the origin of the 
third term in Eq. (p5|), whose contribution has the opposite sign with respect to the contribution from the m = ±1 
modes. This term produces a change of sign of the optical activity close to the transition as shown in Fig. (||). There 
has been some debate in the literature concerning the temperature dependance of this term, whether it should be in 
(T — T2*)~^/2 or (T — Tn )~3/2. The very short paper of Ref. |24) did not provide enough explanations to answer this 
point, and that of Ref. Ilq| also lacks explanations and contains some errors or misprints (in particular in Eq. (4) of 
Ref. jl^). In Ref. |^^, CoUings et al. studied experimentally systems of high chirality and found good agreement 
with Filev's model with a 1/2 exponent. Unfortunately due to a large number of fitting parameters, the data could 
also have been explained with an exponent —3/2 [Q. We shall come back to this point in section 0. In a study of 
the wavelength dependence of the optical activity in the long wavelength regime CoUings et al. confirmed that 
the modes m = ±2 contribute to higher order than the modes to = ±1 in agreement with Eq. (p5|). The presence of 
a second order correction in ui'^ for the modes to = ±1 with a dependence (T — Ti)'^^"^, which would correspond to 
the second term in Eq. (|2^) has not been proved or disproved experimentally, although quite good fits to the data 
can be obtained with this term included as found in Refs. IITtII and fSll. 



IV. DE VRIES FORMULA 



We present in this section a derivation of the de Vries formula, which is the well known solution of Maxwell's 
equations for light propagating in a cholesteric liquid crystal along the pitch axis The reason of this digression 
into the optics of periodic chiral media will become clear in the next section, where we explore the relation between 
optical activity in isotropic chiral liquid crystals and the de Vries formula for the cholesteric phase. We shall take the 
z-axis to be the helical axis of the cholesteric phase, and (e^^, ey, e^) to be a right handed frame. In the cholesteric 
phase, the order parameter, the anisotropy in the dielectric constant, is 



Scij = ea niUj - -Sij , (27) 



where Co — ^\\ — e_L, and n — cos{kz /2)ex + sin(Kz/2)ey. Using Eq. (|27| ) and the definitions (p^po|), it is simple to 
show that 

From this, the tensor Bijki{v) = Bijki{z) defined in Eq. (Q) can be constructed. To calculate its Fourier transform 
Bijkiil), it is convenient to use a spherical coordinate system with q = q{sm9 cos(j),sm9 sm(j),cos9), 

B.jki in) = oj'^ [ da;e*9™^«™^'^^ / ^ / dze"^''°''^'Se^k{z)SeJl{0), (29) 



which can be simplified using Eq. ( |2^ ) 



Bijki (q) 



4g2 sin 9 



2 rp — 2 



5{m0) 5{q + K)Tr^'Ti + 5{q-K)Tt^T, 



5^ (q + KG.) Tr^^n + (q - ^e,) T^T^^ 



^jjfe;(q)> 



(30) 



where T^^ = T^'^{ez), and Aijki is a linear combination of tensors of the form T^^T^ with m and m' being 0, 2 or 
—2. The Bragg peaks of the cholesteric phase located at q = i^e^ correspond to the first two terms of Eq. (|3^). 
Note that in a periodic medium considered in this section, Ei is a function of k, whereas in an isotropic medium to 
be considered in the next section, Ei is only a function of fc = |k|. In a periodic medium Si(k, w) can be derived 
generally from E^ (k, uj) using 



Using Eqs. 



§ and (M), we find 



Ei(k,w) 



4 2 



[Gil (k- 



(-k 



'-)] 



A 



i'jkl 



(31) 



(32) 



where A. 



ijkl 



rji — 2 

'-'-ik 



T'lk) Tji/VQ- In Eq. (||), the tensors T can be ehminated using Eqs. (|l|), (|^) and ( |A^ 



We now assumes that k is along the 2;-axis. In this case, it is simple to show that the tensor Aijki does not contribute 
to El. According to the analysis of section to linear order in E the optical activity and the circular dichroism are 
proportional to the real and imaginary part of Ei(k, w) evaluated at |k| = lu. With these assumptions, Eq. (63) gives 



Ei(k = we2,Lj) 



(k2 + 2ujK - iO+) (2wK - k2 + io+) ■ 



The real part of Eq. (p3|) leads to de Vries formula 



7re„ 



L 16PA'2 [1 - A'2] ' 



(33) 



(34) 



where A' = A/P and P — AttS^u/k, the pitch of the cholesteric phase, and the circular dichroism is zero within the 
same approximations. Note the following features |^^: there is a dispersion anomaly at the Bragg reflection A' = 1, 
but both Eq. ( |3^ ) and = break down near the Bragg reflection. Indeed close to the Bragg reflection, terms of 
higher order in E contribute to the optical rotation and the circular dichroism, and for this reason Eqs. (Q) and 
= are only valid in the domain eaX ^ ||P| — A| |28|. The sign of the optical rotation is such that a right-handed 
helix (k > 0) produces a positive optical rotation (the material is laevogyric) when A <C P and a negative one (the 
material is dextrogyric) when A ^ P. In the long wavelength limit A <C P, the de Vries optical activity <I>/L is of 
order P^/A* and depends on the light propagation direction as opposed to the isotropic-BP III phases where it is of 
order P/A^ and is independent of the light propagation direction. 



WAVELENGTH DEPENDANCE OF SPATIAL DISPERSION EFFECTS IN AN ISOTROPIC CHIRAL 

MEDIUM 



In this section, we compute the exact wavelength dependance of the optical activity, the circular dichroism and 
the average index in an isotropic chiral medium, without relying on the long wavelength approximation and at any 
order in the chirality k. The method has been pioneered by Dolganov |^,|l6| in his study of BP I and BP II, but this 
reference does not present all the details of the calculation. Instead of using the expansion Eq . (|2^ ), which is only 
valid in the long wavelength approximation, we calculate exactly Ei(fc,tij) from Eqs. (||) and (|3l|). Separating the 
contribution from the modes m = 2 and m = 1, we obtain (see appendix |A| for details) 



(fc,w) 



(27r)3 2 (fc2 + 2kqc + - uj^ - iO+) {k^ - 2kqc + q^ - uo^ - ' 



(35) 



and 



Sr (fc, c.) _ f d\ Tqco^r±^ (g) (c^ - 1) {co^ + 4fc^c^ - fc^ - q^) 



with c = k • q. From these equations, the contribution of the modes m — ±1 and m = ±2 of Eq. ( |24| ) of section ill 
is recovered in the hmit k ^ 0. According to the analysis of section || however, the correct procedure to obtain the 
optical activity and the circular dichroism to leading order in E is from Si(fc,tt') evaluated at fc = cj. As will become 



clear later, this does not give the same result in general when compared to section [II where the limit k — > is taken 
in Eq. (p2[). Using k — oj, Eqs. (|35|) and (pi) can be simphfied 



I]r^2(c.,c.)_ [ d\ Tc.Vr±2(g)(l + c^) 

{2tt)^ 2 {q + 2luc - iO+) {q - 2u;c - iO+) q' ^ ' 

1) . (38) 



and 



(27r)3 4q 



Note that the integrand of Eq. (|3^) vanishes for k || q but is non-zero otherwise. This means that the modes m — ±1 
contribute only if the light is propagating off axis or if the pitch axis and the director are not perpendicular to each 
other as in SmC* for instance. Eq. ( ^7| ) is the analog for isotropic chiral media of the de Vries formula of Eq. ( p3| ) valid 
for periodic media. The two expressions become identical with the replacements c — > 1 since the light is propagating 
along the pitch axis, and q ±k accordin g to Eq. (53). Other periodic and chiral media like BP I and BP II can be 



treated as the cholcsteric phase in section [V. Therefore we expect in BP I and BP II a divergence of the m = ±2 
contribution to the optical activity at the Bragg condition, i.e. when the denominator of Eq. ( p7| ) is zero, and a 
change of sign of the optical activity when crossing this point. There should be no divergence for the modes to = ±1 



as can be inferred from Eq. (38) 



The recent reference of Hunte and Singh |17[ contains a derivation of the pretransitional optical activity in isotropic 
chiral media, which uses a method similar to the one presented in this article although the authors have only applied 
it to the long wavelength regime. We believe that the authors have made an error in deriving Eqs. (30) and (31) of 
Rcf. which represent respectively the contribution of the modes m = ±1 and of m = ±2 to the optical activity. 
The integrand of Eq. (30) of Ref. should vanish when c = 1 as is true for the integrand of Eq. ( |38[ ) but it does 
not, and Eq. (31) of Ref. jl7| should reproduce the de Vries as is true for Eq. (|3^ ) but does not. Therefore we think 
that the results of the derivation of the optical activity in Ref. jl^] are incorrect although the method used is valid. 

A straightforward evaluation of Eq. ( |38| ) gives Si for the modes to = ±1 and for an arbitrary frequency oj: 

£^"^\u;,u;) ^ uj'^KkBT 

UJ 247rr3/2Vn' 



The TO = ±1 contribution of the optical activity has a trivial frequency dependance of uf^ . The reason is the 
following: the modes m — ±1 unlike the modes to = ±2 are longitudinal, therefore these modes are associated with 
the longitudinal part of the Green's function (also called near-field part) which is the second term in the r.h.s of 
Eq. (||). The only pole of the near-field Green's function is at = 0, which is the reason for the absence of a complex 
wavelength dependance for the modes m = ±1 and also the reason for which these modes give the leading contribution 
to the optical activity at small uj. 

Therefore the most interesting part of the wavelength dependance of the optical activity comes from the modes 
TO = ±2. It is also the dominant contribution when t is close to ^2- The integration in Eq. ( |37| ) can be done analytically 
for t > t2, and the final result (see appendix ^ for details of the derivation) takes the following form 

Re^ - — — [xi/(xi) - X3/(X3)] kBT, (40) 

UJ 61'kJT2 



where x\ = (K + iy^)/2(jj and 2:3 = (— k-Fi^/tJ) /2aj. Note that Eq. ( ^ ) agrees with the symmetry relation of Eq. 
We have introduced the function 



/(a;) = ~2a;2-- + (:r + x'^)ln(^-^j. (41) 

This function tends to —8/3 as 2: — *■ 00, is equivalent to IG/lSa;^ as x ^ 0, and diverges at x = ±1 as a result of the 
divergence of the initial expression of Eq. (|37|). Eqs. (|40|) and (|l|) fully agree with Filev's results in Ref. Q quoted 



for T2 = 0. Similar functions but not exactly identical functions are present in Refs. ||, [|9|, and Q which 
could indicate misprints or errors regarding this particular point. 

It is interesting to consider two particular cases of Eq. (^0|), the case where w <C k, which defines the long wavelength 
approximation and the opposite case where ui ^ k. In the first case, it is easy to deduce from Eq. ( ^ ) that 
Rel]™~*'^(a;, Ci;)/w — —2uj'^KkBT/\h'K^jT2t. Therefore the optical activity in the long wavelength approximation for a 
temperature t > t2 > ti \s 



(42) 



Note that the contribution of the modes m = ±2 goes as (T - T:^)-'^/'^ if k < i, but should go as (T - T^)-'^/'^ 
otherwise. As discussed before, Eq. ( ^2|) is not identical with Eq. ( |25|) because lim^_»o S(tj, tj) ^ limfe_>o S(A:, tjj). 



Since the modes to — ±1 and to = ±2 contribute with different signs in Eq. (42), there is a competition between these 
two modes, which leads to a maximum in the optical activity as a function of the temperature t as shown in Fig. for 



a chirality k, — 0.2. In the opposite case of w » k, we find using Eq. ( |40| ) that ReS^" {ijj,uj)/uj = Lu^nksT/ 127:^/72 
We now consider the complete wavelength dependance of the optical activity for the modes to = ±2. In Figs. ^ 
and the optical activity and the circ ular dichroism are shown as a function of the wavelength expressed in units 
of ^R, as calculated with Eqs. (|o|) and (^. In Fig. |a T2 = 10"^ and in Fig. |b T2 = 10"^. Note that in all these 
figures, a positive value of k has been chosen corresponding to a right-handed helix in the cholesteric phase, but that 
an opposite optical activity and circular dichroism would have been found with a left-handed helix. These figures 
clearly show a maximum in the magnitude of the optical activity when the wavelength is equal to the pitch P of the 
cholesteric phase, which is about 62.8^7? for k — 0.2 in the case of Fig. ||. This maximum at this wavelength is the 
remains in the isotropic phase of the divergence present in the optical activity of BP I and BP II and in the de Vries 
formula in Eq. (^4[). As t gets closer to t2, ^2{'l) becomes peaked at q = k, and the width of the maximum in the 
magnitude of the optical activity gets smaller as can be seen by comparing Figs. ^ and 

These figures also show the circular dichroism which to our knowledge has never been discussed theoretically or 
measured directly in isotropic chiral media. The absence of experiments is probably due to the difficulty separating 
the contribution from pretransitional fluctuations and the contribution from the absorption bands. According to 
Fig. ^, circular dichroism is best observed in the region where w ^ k as it gets very small when uj <^ k. The curve 
shown in the figure is the contribution from pretransitional fluctuations, which is valid away from absorption bands. 
Note that experimentally this circular dichroism translates in the multiple light scattering regime into a difference in 
the scattering mean free paths for circularly polarized waves. This means that the transport properties of light in the 
multiple light scattering regime should be different for the different states of circular polarization. Such a difference 
has indeed been observed in static and dynamic light scattering measurements with circularly polarized light in the 
isotropic phase and in BP III pO| . 

Finally we have applied our method to the modification of the average dielectric constant due to the fluctuations. In 
section ||, we have defined this quantity as Aeo = —Y^q{ui, 10)/^"^, where Sq is the isotropic part of E. The effect of the 
fluctuations on the symmetric part of the dielectric constant has to our knowledge never been calculated or measured 
in the pretransitional region. We find that all the five modes contribute to this average dielectric constant. In order 
to illustrate a case where the corrections can be large, we focus here on the contribution of the modes to = ±2, which 
as noted before is dominant when t is sufficiently close to t2. Using Eqs. (|^) and (^, we find 



2(27r)= 



3 {l + ^)k2{q) 



2qujc ^ 



iO+' 



(43) 



with A2(g) = r2(g) + r_2('z)- After integrating over c and q, one obtains 



ReAe™=±2 



(44) 



with 



g{x,t) = - 



t + {2ujxf 



In 



-1 



-I- 2x 



(45) 



and 



ImAej;'=±2 



47r 



[l + x^) xdxA2{2ujx). 



(46) 



As imposed by the symmetry relation of Eq. Aeo of Eq. (^4|) is an even function of n. In Fig. ^ the real and 
imaginary part of the average dielectric constant Aeq is shown as a function of the wavelength, as calculated using 
Eqs. ( p4[ ) and ( p6[ ) for the modes m = ±2. Similarly to the case of the optical activity, there is a maximum in Aeo as 
a function of the wavelength when the wavelength is of the order of the pitch of the cholesteric. 



VI. THEORY VS. EXPERIMENT 



In this section, we compare the prediction of our model with the experimental spectra of the optical activity (ORD 
spectra) in the BP III phase taken from Ref . . This reference is the only one known to us that reports measurements 
of the optical activity in the isotropic phase and in BP III which are not limited to the long wavelength regime. The 
ORD spectra are measured in the BP III phase for pure cholesteryl myristate (CM), pure cholesteryl nonanoate (CN) 
and mixtures of CN with small quantities of cholesteryl chloride (CC), a compound of opposite chirality. The sign 



of the optical rotation agrees with section IV: all the samples have a dominant left-handed character (k < and 
P < 0), and the optical activity is indeed found to be negative when A <C \P\- The optical activity presents a broad 
maximum at A ~ — P, which grows smaller and broader and shifts to higher wavelength as |P| is increased. The 
curves are fitted with a theoretical expression, which is the sum of Eq. (|3^) (for the modes m = ±1) and Eq. (40) (for 
the modes m = ±2), and as can be seen in Fig. |^, the fits are excellent. The spatial dispersion of the index, which 
affects the wavelength of the light in the medium A, is incorporated in this fit using the measurements on CN reported 
in Ref |3|]. There are four free parameters in this fit ^1,^2, A3 and A4. These parameters are A\ = Tr^fcsT^^/Sy'T^, 
A2 = -K/47r^fl, = 1/|P|, ^3 = V^/47rffl, and A4 = nkBTi^-n jVl^r^l'^ so that x = {±Ai + iA-i)\ where A is 
expressed in nm so that A2 and A3 have units of nm~^. The values of these parameters for the different samples 
are shown in Tabic ||. The parameter A^ obtained from the fits should be identical to the absolute value of the 
inverse pitch of the cholesteric phase. This is indeed the case as shown in Fig. |^, where the points correspond to 
the measurements of Fig. || and the solid line is a linear fit which gives a slope of 0.98 ± 0.04 and an intercept of 
(-1.2 ± 1.6) • lO-'^. 



TABLE I. Parameters of the fit of the optical activity spectra for the different samples: pure cholesteryl myristate (CM), 
pure cholesteryl nonanoate (CN) and mixtures of CN with 5 and 10 mol% of cholesteryl chloride (CC). 



VII. CONCLUSION 



In this article, we have discussed spatial dispersion effects (optical activity, circular dichroism and average index) 
for light propagation in the isotropic-BP III phase, by introducing an effective index which describes the fluctuations. 
We have obtained the wavelength dependance of the spatial dispersion effects without relying on the long wavelength 
approximation, on which previous studies on this problem have been based. This new approach allows us to discuss the 
optical properties in the resonant region when the wavelength of the light is of the order of the pitch of the cholesteric. 
In the vicinity of this point, there is a divergence of the magnitude of the optical activity in the cholesteric, BP I, 
and BP II phases and a broad maximum in the case of the BP III and isotropic phases. These features are confirmed 
by measurements of spectra of the optical activity in the BP III phase for different values of the chirality. We have 
also provided predictions for the wavelength dependance of the circular dichroism and for the symmetric part of the 
effective index. We hope that this work will motivate experimentalists to study the optical properties of periodic and 
non-periodic chiral media. 

We acknowledge many stimulating discussions with B. Pansu, P. Ziherl and P. Galatola. This work was supported 
in part by the MRSEC program under grant NSF DMROO-79909. D. Lacoste received support by a grant from the 
French Ministry of Foreign Affairs. 



APPENDIX A: DERIVATION OF T,i{K,lj) 

Using Eqs. and (^), we find that 

Ei(fc,a;) _ eijmkm f d^n 



(Al) 



For the modes m = ±2, B.jkM) = uj^T2{q)Tg{q)Tr^'^{q) = uj^T2{q)m,mk'm*m* according to Eqs. (|T|) and (|2^). 
Using the relation 



eijikirriim* = -ik ■ q, 



together with Eq. (|2l|), Eq. (Al) takes a simpler form 



4fc2 J (27r) 



^2{q) {mlmi + mkm*i) G^;(k + q,cj). 



(A2) 



(A3) 



With the definition Eq. (H), this expression reduces to Eq. (|35|). 

Similarly, -Byfei(q) = w^ri(q)r/j,(q)r^7^(q) = w'*ri(q) (g^mfc + m^qfe) (g^TOj* + m*qi) for the modes m = ±1 accord- 
ing to Eqs. ( pisi) and ([l9|). Using the relation 



e,jim,qjki = ik • m, 



Eq. (Al) takes the form 

E™=±l(fc,t^) . ^3q 



2fc2 J (27r)3 
which after simple algebra reduces to Eq. (BO 



ri(q) (k • m* rukqi + k ■ xa.qkm*i - k ■ qqkqi) G",(k + q,uj), 



(A4) 



(A5) 



APPENDIX B: DERIVATION OF EQ. @ 

Using the change of variables x — q/^uj, Eq. (|37|) can be written as 



yim — ±2/ \ 4 

^ 2:d2;r±2(2c.a:)if(:r), (Bl) 



where iir(a;) denotes the integral 



which can be decomposed in 



and 



if — 1 < a; < 1 and otherwise. The integration over q in Eq. ( P3l| ) can be carried out in the complex plane with 
the function / defined in Eq. (^ij) which is identical with Reif except for the absence of absolute values and for this 
reason / is analytical. r2(g) has only two poles in the upper half plane k + i^/T2 and k — iy^, which correspond to 
xi and X3 in Eq. (^). 

Similarly, the imaginary part of S™~*^(w,cj) can be obtained from Eqs. (Bl) and (B4) 

Imili ^llilZ^^^/ xdxV±2{'2uJx)x{l^x^), (B5) 

UJ m In 



^(-)=y_, (.-.o^-c)(.-.o^+c) ' 



ReK(x) ~2x^ -~ - + (x + x^)\ii \ , (B3) 

3 kc — 1 



Imii'(a;) = ttx (l + x^) , (B4) 



which can also be calculated analytically as a function of T2, k and lo. 
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FIG. 1. Amplitude Tmiq) /ksT of the dielectric anisotropy correlation tensor as a function of the dimensionless wave vector 
q for the modes m—0,1, and 2. k is 0.2, p = 1, and the normalized temperature is t = 0.05. The curves show the predominance 
of the mode m = 2, because of the choice t > t2 > t\ and t close to t2. 




FIG. 2. Optical activity ^/LksT, the dark curve, and circular dichroism '^/LkBT, the light curve as a function of the 
temperature t for k = 0.2. The wavelength is A = 100^_r, which corresponds to the long wavelength regime where Eq. is 
applicable. The curve of the optical activity illustrates the competition between the modes m = ±1 and m = ±2, the latter 
been responsible for the decrease (and the change of sign) of the optical activity when t approaches t2. 





FIG. 3. The contribution from the modes m = ±2 to the optical activity 't/LksT, the dark curve, and the circular dichroism 
'^/LksT, the light curve, are shown as function of the wavelength A for k = 0.2. (a) The temperature t is such that T2 = 10~®, 
and (b) T2 = 10~^. The optical activity is the darker curve, and the wavelength is expressed in units of = 25nm. 




FIG. 4. Real (in dark) and imaginary (in light) part of the m = ±2 contribution to the average dielectric constant Aeo as a 
function of the wavelength which is expressed in units of = 25nm. Note that k = 0.2 and T2 = 10""". 
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FIG. 5. Measured ORD spectra (points) in the BP III phase as function of the wavelength of light in vacuum Ao, together 
with a fit (solid curve) using Eqs. ^ and (^). The ORD spectra are shown for pure cholesteryl myristate (CM) with circles, 
for pure cholesteryl nonanoate (CN) with squares, for mixtures of CN with 5 and 10 mol% of cholesteryl chloride (CC) with 
upper and lower triangles, respectively. 
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FIG. 6. Chirality parameter A2 deduced from the fit of Fig. y as a function of the absolute value of the inverse pitch of the 
cholesteric phase 
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